In this work, we consider the one-dimensional problem for an infinitely long solid cylinder in the context of the theory of generalized thermoelasticity with one relaxation time. The heat conduction equation with the Caputo fractional derivative of order α is used. The curved surface of the cylinder is assumed to be in contact with a rigid surface and is subjected to constant heat flux. By means of the Laplace transform and numerical Laplace inversion the problem is solved. Numerical computations for the temperature, displacement and stress distributions are carried out and displayed graphically as well as the results are discussed comprehensively.
Introduction
The classical uncoupled theory of thermoelasticity predicts two phenomena, which are not compatible with physical observations. First, the equation of heat conduction of this theory does not contain any elastic terms. Second, the heat equation is of a parabolic type, predicting infinite speeds of propagation for heat waves. Biot [1] introduced the theory of coupled thermoelasticity to overcome the first shortcoming. The governing equations for this theory are coupled, eliminating the first paradox of the classical theory. However, both theories share the second shortcoming since the heat equation for the coupled theory is also parabolic.
Two generalizations to the coupled theory were introduced. The first is due to Lord and Shulman [2] , who obtained a wave-type heat equation by postulating a new law of heat conduction to replace the classical Fourier's law. The heat equation associated with this is a hyperbolic one and, hence, automatically eliminates the paradox of infinite speeds of propagation inherent in both the uncoupled and the coupled theories of thermoelasticity.
The second generalization is known as the theory of thermoelasticity with two relaxation times or the theory of temperature-rate-dependent thermoelasticity. Green and Lindsay [3] developed the theory of thermoelasticity with two relaxation times which is based on a generalized inequality of thermodynamics. This theory does not violate Fourier's law of heat conduction when the body under consideration has a center of symmetry. In this theory both the equations of motion and of heat conduction CONTACT Ahmed E. Abouelregal ahabogal@mans.edu.org Mathematics Department, Faculty of Science, Mansoura University, Mansoura , Egypt.
are hyperbolic, but the equation of motion is modified and differs from that of the coupled thermoelasticity theory.
Fractional calculus is a branch of calculus that generalizes the derivative of a function to non-integer order. It is also described by a system of a fractional differential equation, a fractional integral equation, or by a system of such equations. The whole theory of fractional derivatives and integrals was established in the second half of the 19th century. The generalization of the concept of derivative and integral to a non-integer order has been subjected to several approaches and various alternative definitions of fractional derivatives [4] [5] [6] [7] [8] [9] .
Over the last two decades, numerous publications have been undertaken on Fractional calculus (e.g. [10] [11] [12] [13] [14] ). Moreover, the applications of fractional differential calculus have been recently used successfully to modify many existing models of physical and chemical and engineering processes. The first application of fractional derivatives was given by Abel, who applied fractional calculus in the solution of an integral equation that arises in the formulation of the tautochrone problem. Caputo and Mainardi [16, 17] and Caputo [18] found good agreement with experimental results when using fractional derivatives for description of viscoelastic materials and established the connection between fractional derivatives and the theory of linear viscoelasticity.
The most important advantage of using fractional differential equations in these and other applications is their non-local property. It is well known that the integer order differential operator is a local operator but the fractional order differential operator is non-local. This means that the next state of a system depends not only upon its current state but also upon all of its historical states [6] . The differential equations involving Riemann-Liouville differential operators of fractional order 0 < α < 1 appear to be important in modelling several physical phenomena in [15] and therefore seem to deserve an independent study of their theory parallel to the well-known theory of ordinary differential equations.
Youssef and Al-Lehaibi [19] constructed a mathematical model of an elastic material with constant parameters that fills the half-space and took the governing equations into the context of the fractional order generalized thermoelasticity theory. Povstenko [20] used the theory of thermal stresses based on the heat conduction equation with the Caputo time-fractional derivative in order to investigate thermal stresses in an infinite body with a circular cylindrical hole. A quasi-static uncoupled theory of thermoelasticity based on fractional heat conduction equation was put forward by Povstenko [21] . He also studied axisymmetric thermal stresses in an infinite medium with a circular cylindrical cavity due to various boundary conditions for temperature at the surface of the cavity. Abouelregal [22] investigated the fractional order generalized thermo-piezoelectric semi-infinite medium with temperature-dependent properties subjected to a ramptype heating.
In this work, we will construct a model of a theory of generalized thermoelasticity with one relaxation time. The infinitely long solid cylinder whose surface is assumed to be in contact with a rigid surface and subjected to a constant heat flux will be considered as well. We also consider a new model of thermoelasticity theory in the context of a new consideration of heat conduction with fractional derivative. According to the numerical results and their graphs, a conclusion about the new theory of thermoelasticity has been constructed and provides a motivation to investigate conducting materials as a new class of applicable materials.
Basic equations
The governing equations of an isotropic homogeneous elastic medium without any heat sources or body forces in the context of generalized thermoelasticity take the following forms:
The equation of motion
where λ, μ are Lame's constants, ρ is the density, T is the absolute temperature, and γ is a material constant given by γ = (3λ + 2μ)α t , α t is the coefficient of linear thermal expansion and i, j = 1, 2, 3 refer to general coordinates. The equation of heat conduction with fractional derivative of order 0 < α ≤ 2 [19] 
where the notion I α is the Riemann-Liouville fractional integral introduced as a natural generalization of the wellknown n−fold repeated integral I n f (t ) written in a convolution type form:
where f (t ) is a Lebesgue integrable function, (α) is the Gamma function. In the case that f (t ) is absolutely continuous, then
where K is the thermal conductivity, t 0 is a constant with the dimensions of time that acts as a relaxation time, c E is the specific heat at constant strain, T 0 is the temperature of the medium in its natural state, assumed to be such as
, and e i j are the components of the strain tensor.
The Caputo derivative of fractional order α of function f (t ) is defined as
is the fractional order differential operator of the α-th derivative with respect to time t.
Comparing this definition with the Riemann-Liouville one, functions which are derivable in the Caputo sense are much "fewer" than those which are derivable in the Riemann-Liouville sense.
The preceding governing equations are supplemented by the constitutive equations
where σ i j are the components of the stress tensor. Strain-displacement relation
The heat conduction Eq. (2), in the limiting case α → 1, transforms to:
which is the same equation obtained by the generalized theory with one relaxation time.
In the limiting case α → 1 and t 0 → 0, Eq. (2) reduces to
which is the same equation obtained by the coupled theory of thermoelasticity.
Formulation of the problem
We shall consider a homogeneous isotropic thermoelastic solid occupying the region of an infinitely long solid circular cylinder of radius a. We use a cylindrical system of coordinates (r, ϕ, z) with the z axis lying along the axis of the cylinder. We shall also assume that the initial state of the medium is quiescent. is assumed to be in contact with a rigid surface, and is subjected to constant heat flux. We assume also that there are no external body forces or heat sources acting inside the medium. Due to symmetry, the problem is one-dimensional with all the functions considered depending on the radial distance r and the time t. The only non-vanishing displacement component is the radial one u r = u(r, t ), so that the component of strain tensor are given by e rr = ∂u ∂r , e ϕϕ = u r e zz = e rϕ = e rz = e zϕ = 0
The dilatation e, will be div(u) = e = e rr + e ϕϕ = ∂u ∂r
The stress components for a spherical symmetric system are given by
The equations of heat conduction and mass diffusion are
where ∇ 2 is Laplace's operator in spherical coordinates given by
The equation of motion (1) then reduces to
Thus, from Eqs. (9), (10) and (13) give
Applying the operator ( ∂ ∂r
) to both sides of Eq. (14), we obtain
The initial conditions of the problem are given by
In order to solve the problem, we suppose that the surface of this cylinder is assumed to be in contact with a rigid surface and is subjected to constant heat flux. The boundary conditions are:
The mechanical boundary condition
The thermal boundary condition is that the surface of the sphere subjected to a constant heat flux, i.e.
where q 0 is the non-dimensional constant heat flux applied on the boundary, T 1 is constant, and H(t ) is the Heaviside unit step function.
Solution of the problem
We use the following nondimensional variables:
Using these nondimensional variables, the preceding equations take the forms (dropping the primes for convenience):
where
The boundary conditions are:
∂T (r, t ) ∂r
where Q 0 is the nondimensional constant heat flux.
Solution in the laplace transform domain
We now define Laplace transform of a function g(x, t ) by
Laplace transform of the Riemann-Liouville fractional integral from Povstenko (2005) :
Taking Laplace transform of Eqs. (18-22) consecutively and using Eq. (25), we obtain\
The transformed boundary conditions (23) and (24) becomeū
EliminatingT between Eqs. (26) and (27), we get
The preceding equation can be factorized as
where m 1 and m 2 are roots with positive real parts of the characteristic equation
(35) Eq. (34) leads to the modified Bessel equation forē of zero order and the solution bounded at infinity can be written in the formē 
Substituting Eqs. (36) and (37) into the Laplace transform of Eq. (26) we get the following relations
Substituting Eq. (36) into the Laplace transform of Eq. (8) and integrating the result with respect to r, we get the solution for the dimensionless form of displacement in the Laplace domain as follows
In deriving Eq. (39), we have used the following wellknown relation of the Bessel function
Substituting Eqs. (36), (37), and (39) into Eqs. (28− 30) using relations
we obtain
Applying boundary conditions (31) and (32), we arrive at the linear system of equations:
The solution of system (43) and (44) is given by
This completes the solution of the problem in the Laplace transform domain.
Inversion of the Laplace transforms
To obtain a solution of the problem in the physical domain, the transforms in Eqs. (36-42) are inverted. In order to invert the Laplace transform in the above equations, we adopt a numerical inversion method based on a Fourier series expansion. Durbin [23] derived the approximation formula )) tend to 0 when n tends to infinity; to apply efficiently one of the above mentioned procedures, one would have first to find, in each case, the value of n after which |f (s + 2inπ t 1
)| decreases monotonically to 0. This is virtually impossible for the very complicatedf (s) we had to invert.
An economical, and up to now successful, way of doing such summations is the following one: the real and imaginary parts off (s) are evaluated together through a complex, single precision arithmetic subroutine, but are converted into double precision constants for the summation up to NSUM; the results are then turned back to single precision expressions. Thus one avoids time-and storageconsuming systematic double precision computation; NSUM can be determined by the convergence criterion:
,
It should be noted that a good choice of the free parameters N and st 1 is not only important for the accuracy of the results, but also for the application of the Korrecktur method and the methods for the acceleration of convergence. We found that st 1 = 5 to 10 gave good results for NSUM ranging from 50 to 5000. The values of all parameters in Eq. (45) are defined as t 1 = 20, s = 0.25 and N = 1000 in this paper [23] .
In order to find the displacement distribution u, we use expression (39) with replacing f (t ) andf (s), respectively. This procedure is repeated for the functions of the stresses and temperature distributions.
Numerical results
We now consider a numerical example for which computational results are obtained. For this purpose, copper is taken as the thermoelastic material. We take the following values of the physical constants
The investigation of the effect of the fractional order α on the thermoelestic material has been carried out in the preceding section. The computations were carried out when t = 0.15. The numerical technique outlined above [23] was used to obtain the temperature, displacement, and stress distributions. The results are illustrated graphically at different positions of r as shown in Figures 1-8 .
All figures show that the heat and elastic effects propagate with finite speeds. Initially, the inner surface is passive while the outer surface is affected by the thermal shock.
In Figures 1-4 , the temperature, stresses, and displacement distributions are plotted against r with various values of the order of the fractional derivative α. The different values of the parameter α in wide range (0 < α ≤ 1) cover the two cases of the conductivity; (0 < α < 1) for weak conductivity and (α = 1) for normal conductivity (ordinary heat conduction equation). In the aforementioned figures, we noticed the difference in all functions of the value of α (0 < α ≤ 1). In addition, we have noticed the following observations:
1. The fractional order α has a significant effect on all fields. 2. The waves reach the steady state depending on the value of the fractional order α. 3. The increasing of the value of the parameter α causes an increase in the speed of the waves propagation of the stresses and the displacement distributions, whereas the distribution of the temperature decreases. 4. The curves are smoother in the case (0 < α ≤ 1).
The result provides a motivation to investigate
conducting thermoelestic material as a new class of applicable thermoelestic material. Figures 5-8 display the temperature, stresses, and displacement distributions for wide range of α (1 ≤ α ≤ 2) at small value of time t = 0.15, with different values of the radial distance r which cover the case for strong conductivity.
When (1 < α ≤ 2), the distributions have large differences with different values of α (the distributions are strong depending on the parameter α). We also have noticed that the results of all the functions in the normal case (α = 1) are distinctly different from those that are obtained in the case for strong conductivity (1 < α ≤ 2).
Concluding remarks
A new model of thermoelasticity theory is investigated in the context with a new consideration of heat conduction of fractional derivatives. This model is based on the heat conduction equation with the Caputo fractional derivative of order α. The solution is obtained by applying the Laplace integral transform. The numerical results for temperature, displacement, and stresses are computed and illustrated graphically.
The analysis of the results can be summarized as follows:
1. It is seen that the values of all the field variables are significant depending on the fractional parameter. 2. At any point, the distributions of displacement, and radial and hoop stress increase with increasing of α, but the effect of fractional parameters decreases the temperature distribution within (0 < α ≤ 1). 3. Clearly in the case of a strong conductivity (1 < α ≤ 2), the distributions are strongly dependent on the parameter α. 4. It is also observed that the theories of coupled thermoelasticity and generalized thermoelasticity with one relaxation time can be obtained as limited cases. 5. New classification of the materials must be constructed according to the fractional parameter, which describes the ability of the material to conduct the heat. 6. According to this new theory, we have to construct a new classification for materials according to their fractional parameter α, where this parameter becomes a new indicator of its ability to conduct heat in conducting medium. 7. This paper indicates that the generalized theory of thermoelasticity of fractional order heat transfer describes the behavior of the particles of an elastic body more realistically than the theory of generalized thermoelasticity with integer order.
